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Let R be a commutative ring with identity, and let G and H be abelian 
groups, possibly infinite. The problem that motivates this paper is to discover 
what relations must exist between G and H in the case wherein the group 
algebras, RG and RH, are R-isomorphic. For example, can we conclude that 
G and H are isomorphic ? Various authors have investigated this question for 
finite abelian groups, among them are Higman [8], Perlis and Walker [15], 
Deskins [6], and Cohn and Livingston [4]. Yet, there is one striking theorem 
for arbitrary abelian groups that has stood as an isolated result, namely, if R 
is the ring of integers Z, then isomorphism of ZG and ZH implies isomorphism 
of G and H. The author is uncertain to whom this theorem is due, but a proof 
is essentially contained in several remarks of Cartan and Eilenberg [3, pp. 
189-1901. If  one attempts to generalize this proof for arbitrary commutative 
rings, then one obtains the conclusion, R & G E R & H, where R is 
regarded as an additive abelian group. In particular, if R is the ring of Gaussian 
integers, then we have G x GE H x H. To pass from such a condition 
to isomorphism of G and His the subject of Kaplansky’s second test problem 
[lo, p. 131, and unfortunately, it admits no easy resolution. Thus, a different 
approach to the problem seems indicated. 
On the evidence of the result for the integers, one might expect that if R 
is the ring of algebraic integers in some algebraic number field, then R- 
isomorphism of RG and RH implies isomorphism of G and H. In fact, there 
is reason to consider more general rings, namely, those in which no prime 
number is invertible. For, suppose the prime number, p, is not invertible 
in R. Then, it is known (see [12, p. 1481) that isomorphism of RG and RH 
implies that the p-components of the torsion subgroups of G and H have 
isomorphic maximal divisible subgroups, and equal Ulm invariants. Also, 
it is known that G and H are isomorphic modulo their torsion subgroups. 
On the other hand, for rings in which prime numbers are invertible (partic- 
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ularly algebraically closed fields), a considerable portion of the structure of 
the group disappears in the group algebra (see [l, 131 for examples). 
As a partial answer to the above observations, we shall prove the following 
theorem: If R is a finitely generated, indecomposable (no nontrivial idem- 
potent elements) ring of zero characteristic, and if G and H are abelian 
groups such that RG and RH are isomorphic as R-algebras, then G and H 
are isomorphic modulo their subgroups of elements of finite orders that are 
invertible in R. Hence, if no prime numbers are invertible in R, then G and 
H are isomorphic. 
Our method will be to study the group of units of RG, much in the style 
of Higman, but allowing for reasonably arbitrary R and for infinite G. The 
above theorem will follow from what we learn about the structure of the 
unit group. Even more, we shall obtain some results on the structure of the 
automorphism group of RG. The first section of the paper is devoted to 
certain general facts about commutative group algebras, and the study of the 
unit group is begun in the second section. We specialize in the third section 
to the case that R is finitely generated. This allows us to utilize a technique 
described by Samuel in [17], and to apply a result in algebraic number 
theory. The last section contains the applications to the isomorphism problem 
and to the automorphism group of RG. 
All rings that we consider will be commutative and will have identities, 
and all groups will be written multiplicatively and will be abelian (except, of 
course, the automorphism groups in the last section). We shall usually let 
the letter e denote the identity element of a group. Throughout the paper, 
we shall let R be a commutative ring, and G an abelian group. 
1. CERTAIN SUBALGEBRAS 
Let (Y be an element of a group algebra. We define the support of 01, supp OL, 
to be the set of group elements that appear with nonzero coefficients in the 
representation of 01. We call (Y a trivial unit if 01 is a unit that has singleton 
support. In that case, the single nonzero coefficient must be a unit in the 
coefficient ring. 
LEMMA 1. Let S be a ring and let F be a torsion free abelian group. (1) If 
S is a reduced ring (i.e., trivial nilradical), then every element of SF that is 
integral over S lies in S. In particular, the nilradical of SF is trivial. (2) If S 
is an integral domain, then every unit of SF is a trivial unit. 
Proof. (1) It is known that F can be ordered (see [7, p. 361). Let (Y E SF 
and assume that 01 is a root off, where f is a manic polynomial over S of degree 
n. Let g be the greatest element in supp (II (we may assume 01 # 0). Suppose 
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g > e. Then it follows that g” E suppf( 01 , contrary to the fact that suppf(or) )
is empty. Hence, g < e. Similarly, if h is the least element in supp 01, then 
h > e. Therefore, supp OL = {e]. 
(2) Now suppose S is an integral domain, and that alc+ = 1, where 
g and 01~ are elements of SF. Let gi (respectively, hi) be the greatest (respec- 
tively, least) element of supp 01~ . Then, gig, and h,h, are both elements of 
suPP %a2 * Hence, glg2 = W2 , and therefore, gi = hi (1 < i ,< 2). Thus, 
a1 and 01~ are trivial units. Q.E.D. 
The set of all elements of RG that are integral over R forms a subalgebra 
that we shall call the maximal integral subalgebra of RG. Our first task is to 
give a description of this subalgebra. If  S is any ring, we shall let N(S) denote 
the nilradical of S. If  G is any abelian group and if p is any prime number, we 
shall let H, denote the torsion subgroup of H, and shall let H,, denote the 
p-component of H,, . 
PROPOSITION 1. Let A be the maximal integral subalgebra of RG. Then, 
A = RG, + N(RG). 
Proof. Clearly, RG, + N(RG) _C A. Therefore, let OL E A. Then 01 E RG, , 
where G1 is some finitely generated subgroup of G. Write G1 = HF, where 
H is a finite subgroup and F is a free subgroup. Put S = RH and observe 
that RG, and SF are isomorphic as S-algebras. It suffices to prove that 
a: E S + N(SF). Clearly, N(S)F C N(SF), and (SF/N(S)F) g (S/N(S))F by 
a natural isomorphism. By Lemma 1, (S/N(S))F has trivial nilradical, hence, 
N(S)F = N(SF). Moreover, the image of 01 in (S/N(S))F is integral over 
S/N(S), hence, it lies in S/N(S). Therefore, there exists an element ,f3, where 
,6? E S, such that 01- j3 E N(S). Thus 01 E S + N(SF). Q.E.D. 
Let I be an ideal of the ring S, and let K be a subgroup of the group, H. 
We shall often wish to consider one of the homomorphisms, SH -+ (S/I)H, 
SH + S(H/K), or SH -+ (S/I)(H/K), induced in the obvious manner by 
reduction modulo 1, K, or both I and K. We shall refer to these homo- 
morphisms as “natural” maps. In the case of a homomorphism into a direct 
product, if each homomorphism into a factor is a natural map, then we shall 
refer to the homomorphism into the product as a natural map. 
Let 01 E RG. We call 01 a “special” nilpotent element if there exist a prime 
number p, and elements Y and g (Y E R, g E G,), such that 01 = r(g - l), and 
pr E N(R). Such an element is nilpotent, since if gp” = e, then 8 E N(R)G. 
PROPOSITION 2. As an ideal of RG, N(RG) is generated by N(R), and by 
the set of special nilpotent element:. 
Proof. We must show that each element of N(RG) can be expressed in 
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terms of the alleged generators. It is clear that N(R)G is the ideal generated 
by N(R), and that (RG/N(R)G) E (R/N(R))G. The natural image, in the 
quotient, of a special nilpotent element of RG is a special nilpotent element 
of (R/N(R))G. Th ere ore, we may assume that R is a reduced ring, and we f 
must show that N(RG) is generated by the special nilpotent elements. Let 
01 E N(RG). We may assume that R is finitely generated, hence, Noetherian, 
and that G is finitely generated. In the proof of the previous proposition, 
we have seen that N(RG) is generated by N(RG,). Therefore, we may assume 
that G is finite. 
Let PI ,..., Pm be the minimal prime ideals of R, and let vi : RG - (R/P,)G 
be the natural map (1 < i < m). Let x E RG, and suppose that pi(x) = 0 
for each i. Then, x = 0 since R has trivial nilradical. Assume for the moment 
that every R/P, has zero characteristic. Then (R/P,)G has trivial nilradical, 
as may be seen by regarding it as a subring of F,G, where Fi is the quotient 
field of R/Pi . 
Hence, &01) = 0 for each i, since a is nilpotent. Therefore, 01 = 0 and 
there is nothing more to prove in this case. Now assume that not all the 
characteristics are zero. and let pi , . . . , p, be the distinct nonzero characteristics 
that appear. There exist integers ci ,..., ct such that ci + . .. + ct = 1, and 
such that for each i (1 < i < m), pj divides ci for every j, where j # i 
(1 <j < m). Set ai = cia. Then 01 = 01~ + ... + OI~ and 0~~ E N(RG) for 
every i. By symmetry, it suffices to show that 01~ is in the ideal generated by 
the special nilpotent elements. 
Decompose G as G = HK, where K is a pi-group, and H has trivial 
p,-component. Let #: RG --f RH be induced by the projection of G onto H 
along K. Fix i (1 < i < m), and assume that R/Pi has characteristic either 
zero or p, . Then, (R/P,)H has trivial nilradical by the argument used earlier. 
Hence, ~~(#(a~)) = 0. N ow, assume R/Pi has characteristic P,~ (s > 1). 
Then, p, divides a1 , and thus, ~~(#(a,)) = 0. Therefore, #(01i) = 0. It 
follows that there exist elements 6,) where 6, E RH (k E K, k # e), such 
that 01~ = &EX,kfe &(k - 1). To see this, suppose that ai = CheH,keK rhk hk. 
Then, one may verify that the elements defined by 6, = ChfH r,,h (k # e), 
work. We claim that pior, = 0. Since pra, is nilpotent, and since p, ,..., p, all 
divide p,ol, , we have I&& = 0 (1 < i < m). Hence, our claim follows. 
But {K - 1 1 k E K, k # e} is RH-independent, therefore, the relation 
PlcQ = 0, implies that prS, = 0 for every k (k # e). Thus, p, annihilates 
the coefficients of 2& . From this fact, it is apparent that 01~ is in the ideal 
generated by the special nilpotent elements. Q.E.D. 
It will be convenient to have notation for certain sets of prime numbers 
connected with commutative rings and abelian groups. If R is a ring, let 
zd R be the set of all prime numbers that are zero divisors in R. If G is an 
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abelian group, let the support of G, denoted supp G, be the set of all prime 
numbers, p, for which G, is nontrivial. 
COROLLARY. Suppose that R is a reduced ring, and that supp G n zd R = 0. 
Then, RG,, is the maximal integral subalgebra of RG. 
Let H be a finite abelian group, and suppose that 1 H 1 = n. Let F be a 
field whose characteristic does not divide n, and assume that F contains a 
primitive nth root of unity 5, . If I? denotes the group of characters of H 
into F, then 1 I? [ = n. Consider F” as an F-algebra, in which the copies of F 
are indexed by the elements of fi. Then, there exists an explicit isomorphism 
of FH with Fn that we shall now describe (see [8, p. 235’J). Let 01 EFH and 
/3 EF~. Suppose that OL = ChsH Clhh (ah E F), and that p = (&),,a @,, EF). 
Then, OL and /3 correspond under the isomorphism if and only if OI~ = (l/n) 
x,,lprS, r(h) for every h, and &, = Cho,, (Ye r(h)-l for every y. We shall 
always use this isomorphism in these circumstances, and we shall refer to 
these relations as the transition formulas. 
Suppose that S is a subring of F such that (l/n) E S and 5, E S. Then, it is 
clear that ah E S for every h if and only if &, E S for every y. Hence, in this 
case, the transition formulas induce an isomorphism of SH and S” as 
S-algebras. 
Next, we study the idempotent elements of RG. If S is integral domain 
and K is a finite group, then a theorem of Coleman [5] (that is also valid for 
nonabelian groups) tells us that the existence of nontrivial idempotent 
elements in SK is equivalent to the invertibility in S of some prime number 
that divides the order of K. In the proposition to follow, we shall give a 
generalization of this fact that is suited to our purposes. 
Let R be an arbitrary commutative ring. We define inv R to be the set of 
all prime numbers that are invertible in R. Let G be an abelian group, and 
Put H = LIE inv R G, . We call RH the singular subaIgebra of RG. We shall 
prove that if R is indecomposable, then every idempotent element of RG lies 
in RH. First, however, we must prove two lemmas. The proofs of these 
lemmas will be very similar to the proofs of Lemmas 6 and 7, which concern 
units. We think that the slight repetition of argument is justified, since it 
permits better organization of the paper. 
LEMMA 2. Let S be an integral domain, and let LK be a$nite abelian group 
that is the inner direct product of subgroups, L and K. Suppose that supp K n 
inv S = 0. Then, every idempotent element of S(LK) lies in SL. 
Proof. Let L = L,Lz , where L, and L, are subgroups such that 
supp L, C inv S, and supp L, n inv S = O. Let n = 1 L, I, and choose 
5, to be a primitive nth root of unity over S. Put S, = S&l. Then, inv S, = 
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inv S, since S, is an integral extension ring of S. Hence, we may further 
assume that 5, E S. By the remarks preceding this lemma, we know that 
SL, and S* are isomorphic as S-algebras. Therefore, S(LK) g (SL,)(L,K) g 
S*(L,K) G S(L,K)n by natural isomorphisms. Let (0~~ ,..., o~J E S(L,K)n, 
and suppose that (a1 ,..., a,) is idempotent. Then, each ai is idempotent 
in S(L,K), hence, oli is either 0 or 1 (1 < i < n), by Coleman’s theorem 
[5]. Therefore, (01~ ,..., a,) E 9. But Sn is identified with SL, by the above 
isomorphisms, hence, 01 E SL. Q.E.D. 
LEMMA 3. Let S be an integral domain, let M be a prime ideal of S, and let 
LK be a fkite abelian group that is the inner direct product of subgroups L 
and K. Let c,!I: S(LK)+ (S/M)(LK) be the natural map. Suppose that 01 
(a E S(LK)), is an idempotent element such that #(a) E (S/M)L. Then, 01 E SL. 
Proof. Let L = LILz and K = K,K, , where L, , L, , KI , and K, are 
subgroups such that supp(L,Ki) _C inv S and supp(L,Ks) n inv S = m. Let 
n = 1 L,K, 1, and put S, = S[{,], where 5, is a primitive nth root of unity. 
Because S, is integral over S, it follows that inv S, = inv S, and that 4 
extends to a homomorphism, I,$ : S,(LK) -+ (S,/M,)(LK), where Mi is a 
prime ideal of S, lying over M. Hence, we may assume that 1, E S. Therefore, 
S(L,K,) E P, and we obtain natural isomorphisms, S(LK) g S”(L,K,) g 
S(L,K,)“. I f  we regard 4 as defined on S(L,K,)“, then it is equivalent to the 
natural map, S(L,K# -+ ((S/M)(L,K,))“. We claim that # is injective when 
restricted to the set of idempotents of S(LK). Let (ai,..., (L’,) E S(L.&.)“, 
and suppose it is idempotent. Then, each (Y~ is idempotent in S(L,K,), and 
hence, is equal to either 0 or 1 by Coleman’s theorem. It now follows that the 
set of idempotent elements is mapped injectively by $. 
Let p: S(LK) -+ SL be induced by the projection of LK onto L along K, 
and let p: (S/M)(LK) + (S/M)L be the induced map on the quotient rings. 
Then, 4 o p = j5 o 4. If  01 is the idempotent element of the hypothesis, then 
$(~(a)) = ~($(a)) = $(a). But p(a) is also idempotent, hence, p(a) = 01. 
Therefore, a: E SL. Q.E.D. 
Let R be a ring, and suppose that there exist rings R, ,..., R,, , such that 
R= A, x ... x R,. Then there exists an isomorphism of RG with 
R,G x ... x R,G. Hence, questions concerning RG become questions 
concerning R,G (1 < i < n). In case R is finitely generated, as it will be 
later, it is Noetherian, and consequently, there exist indecomposable rings 
R i ,..., R, such that R= R, x ... x R,. For this reason, we shall feel free 
to include the hypothesis that R is indecomposable in many of the results. 
In most instances, the presence of nontrivial idempotent elements in R would 
alter the validity of the conclusions as stated. 
At this point, it is worthwhile to make several remarks concerning the 
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minimal prime ideals of a ring, R. Let p be a prime number. Then p E inv R 
if and only if p E inv(R/P) for every minimal prime ideal P, of R. This fact 
is easily seen. Now, assume that R has finitely many minimal prime ideals, 
and that R is indecomposable. Suppose we partition the set of minimal prime 
ideals into two nonempty classes. Then, there exists a maximal ideal M, 
such that M contains at least one minimal prime ideal from each class. To see 
this, let I be the intersection of all ideals of one class, and let J be the inter- 
section of all ideals of the other class. Then, 1 and J are ideals such that 
I n J = N(R). It cannot happen that I + J = R, since then R/N(R) would 
decompose as the direct sum of the natural images of 1 and J. This is contrary 
to the assumption that R, and hence, R/N(R), is indecomposable. Therefore, 
I+ J is contained in some maximal ideal, M. Consequently, M must contain 
at least one minimal prime ideal from each class. We shall refer to this fact 
as the partition principle. This principle will be used repeatedly to deal with 
indecomposable rings. 
PROPOSITION 3. Let R be an indecomposable ring, and let G be an abelian 
group. Then, every idempotent element of RG is contained in the singular 
subalgebra. 
Proof. First, we shall show that every idempotent element of RG lies in 
RG, . We may assume that G is finitely generated, say G = HF, where H is 
finite and F is free. Put S = RH. Let 01 E SF, and assume that 01 is idempotent. 
We must show that 01 E S. Let v: SF -+ (S/N(S))F be the natural map. Then, 
~(a) is idempotent in (S/N(S))F, hence, p)(a) E S/rV(S) by Lemma 1. There- 
fore, there exists an idempotent element /3, where /3 E S, such that &I) = v(a). 
But the kernel of v is a nil ideal, and lifts of idempotent elements modulo a 
nil ideal in a commutative ring are unique. Hence, (Y. = B. 
We may assume that G is finite. We may also assume that R is finitely 
generated, since if R, is any subring of R, then inv R, C inv R. Let q be 
any prime number that is not invertible in R. Write G = LK, where K is a 
q-group, and where L has trivial q-component. We shall show that every 
idempotent element of RG lies in RL. By induction, it will follow that every 
idempotent element must lie in the singular subalgebra. Let PI ,..., P, be 
the minimal prime ideals of R, and let v: R(LK) -+ ny (R/P,)(LK) be the 
natural map. Let ore R(LK),assume OL is idempotent,and let I = (ai,..., a,). 
Then, 01~ is idempotent in RiPi (1 < i < m). But the fact that q J$ inv R 
implies that q $ inv(R/PiO) for some i,, . Hence, Lemma 2 implies that oliO E 
(R/PiJL. We claim that (~l$ E(R/P,)L f or every i (1 < i < m). Suppose not. 
Then, by the partition principle, there exist two minimal prime ideals, say 
PI and Pz , and a maximal ideal M, such that 01~ E(R/P,)L, (11% $ (R/P,)L, and 
such that M contains both Pi and Pz. Let $Q : (R/P,)(LK)-+ (R/M)(LK) 
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(1 < i < 2), be the natural map. Then, A(4 = h(4, hence, $44 E 
(R/M&. But Lemma 3 implies that 01~ E(R/P&. This contradiction estab- 
lishes that oli E (R/P& for every i. Let /3 be that part of OL whose support is 
contained in L. Then, /3 E RL and F(U) = p)(@. Hence, y = 01 - /3 is in the 
kernel of T, and therefore, y is nilpotent. Let p: R(LK) + RL be induced by 
the projection of LK onto L along K. Then, p(y) = p(a) - /3, hence, 01 = 
p(a) + (y - p(y)). But p(a) is idempotent and y - p(y) is nilpotent. Therefore, 
we must have 01 = p(a), and consequently, 01 E RL. Q.E.D. 
COROLLARY. Let R be indecomposable, and assume that supp G n inv R = a. 
Then, RG is indecomposable. 
2. STUDY OF UNITS 
We define the augmentation map, aug: RG-+ R, by aug(C,,c r,g) = 
c BEG Ye. Then, aug is an R-algebra homomorphism. If S is a subalgebra of 
RG, let S* denote the group of units of S, and let S*r denote the group of 
units of S of augmentation 1. We observe that RG* is the inner direct product 
of R* and RG*l, hence, to analyze the structure of RG*, it suffices to analyze 
the structure of RG*l. The first step is to obtain the decomposition given 
below in the corollary to Proposition 4. 
LEMMA 4. Let R be indecomposable, and let F be a torsion free abelian 
group. Let N(RF)O denote the ideal of all elements of N(RF) that have zero 
augmentation. Then, 1 + N(RF)O is a subgroup of RF*l, and RF*l is the inner 
direct product of F and 1 + N(RF)O. 
Proof. It is clear that 1 + N(RF)O is a subgroup of RF*l. It follows from 
Proposition 2 that F n (1 + N(RF)O) = (l}, hence, we must show that 
RF*l C F . (1 + N(RF)O). Let a! E RF *l. We may assume that R is finitely 
generated. Let PI ,..., P, be the minimal prime ideals of R, and let CJJ: RF -+ 
ny (R/Pi)F be the natural map. Suppose ~(01) = (01~ ,..., CY,). Then, 0~~ is a 
unit of (R/P,)F of augmentation 1, hence, Lemma 1 implies that 0~~ = fi 
for some fi E F (1 < i < m). We claim that fi = fi for all i. If this were not 
the case, we could apply the partition principle to obtain a maximal ideal M, 
of R, and two distinct minimal prime ideals, Pi and Pj , such that fi # fi , 
and such that Pi and Pj are both contained in &I. Hence, under the natural 
map RF -+ (R/M)F, the image of 01 would be both fi and fj , a contradiction. 
Thus, there exists f (f EF), such that 01~ = f for all i (1 < i < m). Let 
B = a: -f. Then, aug /3 = 0, and &3) = 0, consequently, /3 E N(RF)O. 
Since a~ = f (I + f-l/?), we conclude that 01 E F . (1 + N(RF)O). Q.E.D. 
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PROPOSITION 4. Let R be indecomposable, let G be an abelian group, let 
‘p: RG --, R(GIG,,) be the natural map, and let A be the maximal integral 
subalgebra of RG. Assume that supp G n inv R = .B . Suppose that 01 E RG*‘, 
and that ~J(CX) = 1. Then OL EA*‘. 
Proof. We may assume that G and R are finitely generated. Write G = 
G$, where G,, is a finite group and F is a free group. Put S = RG, , and 
regard RG as SF. Then S is indecomposable according to the corollary to 
Proposition 3, thus (II = sf (1 + /3) (s E S*, f E F, /3 E N(SF)O). We may regard 
q~ as the homomorphism, v: SF - SF, that is induced by aug: S- S 
(where aug is relative to R). Therefore, 1 = v(a) = (aug s) f (1 + ~(8)). But 
&3) is nilpotent, hence, we must have f = e. Consequently, 01 = s + $3, 
and therefore, (II E A. Similarly, o~-l E A, hence 01 E A’l. Q.E.D. 
We shall adopt the following notation for the rest of the paper. Let A be 
the maximal integral subalgebra of RG. We define U to be RG*l, and define V 
to be A*‘. 
COROLLARY. Let R be indecomposable, l t G be an abelian group, and assume 
thatsuppG~invR=~.Then,U=GVandG~V=Go.Hence,Uis 
the push-out of G and V by Go (see [16, p. 2221). 
Proof. Clearly, G n V = Go since an element of G of infinite order is 
not integral over R. Let v: RG+ R(G/G,) be the natural map. Then, 
v,(U) C R(GIGo)*l, and R(G/G,)*l = (G/G,,) . (1 + N(R(G/G,))O). But 
1 + N(R(G/Go))O = ~(1 + N(RG)O), and 1 + N(RG)O C V. Hence, (G/Go) . 
(1 + N(R(G/G,))O) C v(GV), and therefore, v(U) = v(GV). The proposition 
shows that the kernel of 9) on U is contained in V, consequently, U = GV. 
Q.E.D. 
In case the hypothesis, supp G n inv R = @, is not fulfilled, the existence 
of nontrivial idempotents in the group algebra complicates the structure of U. 
We give an example to show that the conclusion, U = GV, may no longer 
hold. Let R be any ring in which 2 is invertible, and let G be a group con- 
taining an element, g, of infinite order, and an element h, of order 2. Put 
x=8(1+h).Then,x2=x.Letor=x+(1--)g,andP=x+(l--x)g-l. 
Then, 0$3 = 1, hence, (Y E U. It is not difficult to see that (Y 6 GV, since 
rxn = x + (1 - x)g”. 
In general, V, is the group of all units of RG that have augmentation 1 and 
are of finite order, i.e., V, = U, . Since V plays a key role in the structure 
of U, we shall devote the rest of this section to an examination of V, . 
LEMMA 5. Let S be a ring, let I be a nil ideal of S, and let H be an abelian 
group. If a E SH, let Or be the natural image of (Y in (S/I)H. Suppose that 01 E SH, 
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that LY”” = 1 for some positive integer m, and that supp (II = {h} (h E H). Write 
O! = sh + p, where s E S, and where /I satisfies the condition, h $ supp /3. Then, 
there exists a positive integer n, such that mn/3 = 0. 
Proof. We may assume that I = N(R). Further, we may assume that S 
is finitely generated, hence, N(S)’ = (0) for some r (r 2 1). We shall prove 
the assertion of the lemma by induction on r. If r = 1, the result is trivially 
true, therefore, we assume that r > 1. Put S, = S/lv(S)r-l. Then, N(S,) = 
N(S)/N(S)T-l, and N(S,)r-l = (0). Let si , 01~) and /3r be the induced 
images in S,H of s, 01, and /3, respectively. Then, arm = 1, 0~~ = s,h + /31 , 
supp G, = (h}, and h $ supp j3r . Hence, by induction, m”/3, = 0 for some k. 
Therefore, mk/3 E (N(S)r-l)H. But (N(S)‘-1)” = {0}, thus (rn*/3)a = 0. 
Consequently, mmk = (mka)m = mmksS”h* + mmk+1sm-1hm-1/3. Suppose 
mmk = 0. Then, the induction may be completed by taking II to be mk. 
Thus, we may assume that mmk # 0. Since s E (S/N(S))*, it follows that 
s E S*, hence, sh E SH*. Therefore, mmWhm # 0. Since h” $ supp hm-l/9, 
we must have m”k+1sm-1hm-1/3 = 0. But then mmk+rp = 0. Q.E.D. 
COROLLARY. Suppose that 01 E SH, and that 01” = 1, where m is regular 
in S (i.e., not a zero divisor). If LF is a trivial unit, then 01 is a trivial unit. 
PROPOSITION 5. Suppose that 01 E RG, and that am = 1, where m is 
regular in R. Then, 01 E RG,, . 
Proof. We may assume that G is finitely generated, hence, we may write 
G = G,,F, where F is a free subgroup. Let S = RG,, , and regard RG as SF. 
Let z be the natural image of OL in (S/N(S))F. Then the relation, Islam = 1, 
implies that Al E S/N(S), according to Lemma 1. Hence, OL E S. Q.E.D. 
COROLLARY. Suppose supp G n zd R = @. Then, RG,, is characterized 
as the subalgebra (or even R-submodule) of RGgenerated by the units of regular 
Jinite orders. 
We shall give an example to demonstrate that the hypothesis concerning 
the regularity of m cannot be dropped from Proposition 5, and furthermore, 
that if the hypothesis of the Corollary is dropped, then it may not be possible 
to characterize RG,, algebraically. Suppose that there exists a prime number p, 
and a nonzero element Y (I E R), such that pr = 0. Let G be the abelian 
group with generators g, h, and k, that satisfy the relation hp = kp = e. 
Putx = r(l + k + . ..+k’-l).Then.px=Oandx*=O.Setar=h+xg. 
Then, e? = 1, but 01# RG, . This demonstrates the claim concerning the 
regularity of m. Now we shall give an R-automorphism v, of RG, such that 
MGo) Z RG . Thus, one cannot give a characterization of RG, that 
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depends only upon the structure of RG as an R-algebra. Let q.~ RG -+ RG 
be given by v(g) = g, v(k) = 01, and v(k) = k. These relations determine a 
unique R-homomorphism. We claim that CJI is an automorphism. The 
mapping is clearly surjective. To show injectivity, let H be the subgroup 
of G generated by g and k, and put S = RH. Then, G is the inner direct 
product of H and the subgroup generated by h. Since v is the identity map 
on S, it will suffice to show that 1, a,..., CXP-i are S-independent. Suppose 
they are not. Then, there exists an integer, I (0 < I < p - l), and elements 
B !a, 0 ,-.., in S, such that /3, # 0 and &&c& = 0. Therefore, there exist 
elements yr ,..,, ya , in S, such that hl/3, + hz-lyI + ... + yC = 0. This 
contradicts the fact that 1, h,..., hp-l are S-independent. Therefore, v is an 
automorphism, and v(RG,,) # RG, . 
For the remainder of this section, we shall discuss principally the zero 
characteristic case. The discussion will depend upon Proposition 6 below, 
which is a generalization of a theorem of Higman [8, p. 2371. Higman 
proved that if R is the ring of algebraic integers in an algebraic number 
field, and if G is a finite abelian group, then every unit in RG of finite order 
is a trivial unit. We shall show that R can be taken to be any integral domain 
of zero characteristic as long as no prime in supp G is invertible in R. We 
refer the reader to [ll] for facts on algebraic number theory. 
PROPOSITION 6. Let R be an integral domain of zero characteristic, and 
let G be an abelian group such that supp G n inv R = @. Then, every unit of 
RG of Jinite order is a trivial unit. Hence, V,, = GO . 
Proof. Every unit of finite order must lie in RG,, , hence, we may assume 
that G is finite. If R’ is the ring obtained from R by adjoining all the roots of 
unity, then inv R’ = inv R, hence, we may assume that R contains all the 
roots of unity. If R, is the integral closure of Z in R, then R,, is a subring 
of the ring of all algebraic integers. Suppose we could show that every unit 
of finite order is contained in R,G. Then, every such unit would be trivial, 
according to Higman’s theorem. We shall prove that if 01 is a unit of finite 
order, then 0~~ ER, . This will suffice, since if g E G, and if we set /3 = q-1, 
then j3 is a unit of finite order, and /3, = 01~. 
Let 01 ERG, and suppose that 01 It = 1 for some k. Let 4 be a primitive 
kth root of unity. Since Z[[] C R, , it will suffice to prove that 01, E Z[[]. Let F 
be the quotient field of R, and let n = 1 G I. Then FG G Fn. It is clear that 
there exist integers il ,..., i, , such that 01 corresponds to (PI,..., p) under the 
transition formulas. Let Q be the field of rational numbers, let G be the 
Galois group of Q(t) over Q, and let (T E G. Then u(l) = [* for some 4. 
Under the transition formulas, & corresponds to ([PiI,... , <*ia). But in, = 
(l/n) (PI + ... + p) and (cx*)~ = (l/n) (@il + ... + <*“n), hence, ~(01~) = 
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(c& . Therefore, a(cu,) E R. Put y  = ii1 + ... + pm. Then, a(r/n) E R for 
every 0 (u E G). We must show that n divides y  in Z[g. This will be true if 
every prime-power factor of rz divides y  in Z[<]. 
Let pr be a prime-power factor of n, and note that u(y/p’) E R for every 
o (u E G). We know that Z[c] is the ring of algebraic integers of Q[<]. Let 
P 1 ,..., P, be the distinct prime ideals of Z[[] that lie over pZ. If  a, , ua ,... are 
elements of Z[c], let (ai, a2 ,... ) denote the ideal that they generate. Then, 
(P> = (Pl ..’ PsY, where d is the ramification degree of any of the Pi over 
pZ. Hence, (pr) = (PI ... P,)“r. We may write (y) = IP$ ... P?, where I 
is an integral ideal that is relatively prime to every Pi (1 < i < g), and where 
j, ,...,j, are nonnegative integers. It will be true that y  E (p’) if and only 
ifjs 3 dr for every s (1 < s < g). Suppose, to the contrary, that js, < dr for 
some s,, . Let J = (y, pr). Then J = P$ ... P,“,, where I, = inf( js, dr) for 
each s, hence, Zr + ... + 1, < drg. By the finiteness of class number, there 
exists a positive integer t, and an element d (d EZ[[]), such that Jt = (d). 
But Jr = (rt, pr”) also, hence, there exist elements, p and v  (CL, Y EZ[{]), 
such that A = & + vprt. Thus, (A/prt) = ~(y/pr)~ + V. I f  u E G, then 
~A/P”) = 4-4 u(Y/P~Y + 4% h ence, u(A/p’“) E R. I f  N denotes the norm 
from Q(5) to Q, then N(d/prt) = JJIosG u(A/prt), and consequently, 
N(d/prt) E R. But, utilizing the norm of ideals, we have that 
where f is the residue degree of any of the Pi overpZ. Since f (II + ... + I,) - 
rdfg < 0, this implies that p is invertible in R, contrary to hypothesis. 
Q.E.D. 
We now show that the hypothesis that R is an integral domain cannot be 
replaced directly by the hypothesis that R is indecomposable. Let 5 be a 
primitive cube root of unity over Z, and let R be Z[g[X] modulo the ideal 
generated by (3X - 1)(X - 1). It is not hard to see that R is indecomposable 
since Z[iJ is a unique factorization domain, and since 3X - 1 and X - 1 
are both contained in the proper ideal generated by 2 and X - 1. Moreover 
inv R = O. Let x be the natural image of X in R, and let G be a cyclic 
group of order 3, with generator, g. Put OL = x + (x - 1) {“g + (x - 1) [gz. 
Then, 01~ = 1, hence, 01 is a nontrivial unit of finite order. 
One can, however, make certain assertions in the case that R is indecom- 
posable. We shall proceed by examining V, , the p-component of V,, . After 
proving two lemmas that are similar to Lemmas 2 and 3, we show that the 
units with invertible orders are contained in the singular subalgebra. This 
fact enables us to give an algebraic characterization of the singular subalgebra 
that will prove useful later on. 
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LEMMA 6. Let S be an integral domain, and let LK be a Jinite abelian 
group that is the inner direct product of subgroups, L and K. Suppose that 
supp K A inv S = la. Let p be a prime number such that p 7 j K j, and 
suppose that 01 E S(LK),*. Then, CY ESL. 
Proof. We follow the proof of Lemma 2 to the point where we observe 
that S(LK)z S(L,K)“. Let (q,..., an) E S(L,K)“, and suppose that (q,..., cx,) 
is a unit of order p’. Then ai pr = 1 (1 < i < n). First, suppose that S has 
zero characteristic. Then, ai is a trivial unit by Proposition 6. Hence, we 
must have 01~ ESL, since p { 1 K 1. Now suppose that S has nonzero 
characteristic 1. Then, K must be an Z-group, say 1 K 1 = It, and we must 
have p # 1. Therefore, c$ E SL, since x i--t or* is an endomorphism of 
S(L,K). There exist integers, a and b, such that apt + bZt = 1, hence, it is 
clear that (Y~ E SL, (1 < i < n). Therefore, (Y E SL. Q.E.D. 
LEMMA 7. Let S be an integral domain, let M be a prime ideal of S, and 
let LK be a finite abelian group that is the inner direct product of subgroups, 
L and K. Let #: S(LK) --f (S/M)(LK) be the natural map, and let p E inv S. 
Suppose that LY E S(LK)g , and that #(a) E (S/M)L. Then CL ESL. 
Proof. We follow the proof of Lemma 3 to the point where we observe 
that $ is equivalent to the natural mapping, S(L,K,)” -+ ((S/M)(L2K,))n. 
Let ((or ,..., a,) E S(L,K,)“, and suppose that (a1 ,..., CY,) is a unit of order p’. 
Then, CL:’ = 1 (1 < i < n). As in the proof of Lemma 6, it follows that 
01~ ES for all i. Hence, S(LK),* = S(L,K,),*. We claim that # is injective 
when restricted to S(L,K,),*. Consider ~+5 on S(L,K,) as being the natural map, 
5’” --+ (S/M)Q. Since (Sn)x = (S,*)“, clearly, 4 will be injective on S(L,K,)z 
if and only if it is injective on S, *. Let 5 be a primitive pth root of unity over 
S. If 5 $ S, then S,* is trivial and hence, $ is injective. Therefore, we assume 
5 E S. Suppose S has zero characteristic. Then, 1 - 5 is a unit in S since p 
is a unit in S, and since 1 - 5 divides p. If S has nonzero characteristic 1, 
then, If p. Hence, 1 - [ # 0, and consequently, 1 - 5 is a unit in S. 
Therefore, #(l - 5) # 0, from which it follows that J, is injective on S,*. 
Let p: S(LK)+ SL be induced by the projection of LK onto L along K, 
and let j5: (S/M)(LK) + (S/M)L be the induced map on the quotient rings. 
If cz is the element of the hypothesis, then #(a) = j5(#(~)) = $(~(a)). But 01 
* and p(a) are both elements of S(L,K,), , hence 01 = p(a). Therefore OL E SL. 
Q.E.D. 
PROPOSITION 7. Let R be an indecomposable ring, let G be an abelian group, 
and let p E inv R. Then, V, is contained in the singular subalgebra of RG. 
Proof. Let OL E V, . Then OL E RG, since p is regular in R. Hence, we may 
assume that G is finite. We may also assume that R is finitely generated since 
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we may choose the finitely generated subring to contain l/p. Let q be any 
prime number that is not invertible in R, and write G = LK, where K is 
a q-group, and where L has trivial q-component. We shall show that cy E RL, 
hence, it will follow by induction that 01 lies in the singular subalgebra. Let 
P r ,..., P,l be the minimal prime ideals of R, let v: R(LK) -+ I-J: (R/P,)(LK) 
be the natural map, and let v(a) = (01~ ,..., OL,,). Then, 01~ E((RIPi)(LK for 
every i. Thus, by an argument similar to one used in the proof of Proposition 3, 
we may apply Lemmas 6 and 7 and the partition principle to conclude that 
oli E (R/P,)L for every i (1 < i < m). Put S = RL, and regard R(LK) as SK. 
Then v(a) E (S/rV(S)), hence, the Corollary to Lemma 5 implies that a: E 5’. 
Q.E.D. 
COROLLARY. Let R be indecomposable. Then, the singular subalgebra is 
characterized as the subalgebra (OY even R-submodule) generated by the units 
whose orders are$nite and invertible in R. 
COROLLARY. Let R be indecomposable, let H = J&,,EIIIVRG9, and let I be 
the ideal of RG generated by the elements of the singular subalgebra that have 
zero augmentation. Then, RG/I and R(GIH) are isomorphic as R-algebras. 
Proof. See [12, p. 1411. Q.E.D. 
Let R and H be as above. If  we are given RG as an R-algebra, the corollaries 
show that we can then derive R(G/H) lg b a e raically from it. Hence, we can 
get rid of the bad part of the algebra if we are willing to consider G/H. 
COROLLARY. Let R be indecomposable, and suppose that supp Gn inv R = 0. 
If p E inv R, then Z’, is a trivial group. 
Now, we turn our attention to VD for p that are not contained in inv R. 
LEMMA 8. Let R be an indecomposable ring of zero characteristic, and let p 
be a prime number such that p $ inv R. Then, there exists a minimal prime ideal P, 
of R such that RIP has zero characteristic, and such that p $ inv RIP. 
Proof. Let S be the set of all elements, p”(px f l), where n 3 0 and 
x E R. Then, S is a multiplicative monoid in R. We claim that 0 4 S. Suppose, 
to the contrary, that p’@x - 1) = 0 f  or some n and x. (We may assume the 
minus sign by replacing x by -x if necessary.) Then, pn+lx = p*, and we 
must have that n > 0 since p $ inv R. Therefore, it follows that P*~x* = p”, 
hence, (p”x”)” = pnxn. Since R is indecomposable, we must have either 
that pnxn = 1, or that pnx” = 0. The first relation is impossible since p is 
not a unit. The second relation would imply that pn = p2n~n = 0, contrary 
to the hypothesis of zero characteristic. Hence, 0 $ S. Consequently, there 
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exist minimal prime ideals of R that do not meet S. Choose P to be one 
of them. Then P n S = o implies that R/P has characteristic different 
from p, and that p is not invertible in R/P. Hence, R/P has zero characteristic. 
Q.E.D. 
PROPOSITION 8. Let R be an indecomposable ring of xero characteristic, let 
G be an abelian group, and let p be a prime number such that p $ inv R. Then, 
G, is an inner direct factor of V, . 
Proof. Choose P to be a minimal prime ideal of R such that RIP has zero 
characteristic, and such that p $ inv RIP. Put H = UQEinvRIP G, , and let 
v: RG-+ (R/P)(G/H) be the natural map. If v1 denotes the restriction of v 
to G,, then v1 : G, -+ (G/H), is an isomorphism. Let 01 E V, . Then p(a) 
is a trivial unit since supp G/H n inv R/P = O, hence, cp(a) E (G/H), 
because it has augmentation 1. Hence, p);’ 0 v is a homomorphism from V, 
to G, that is the identity map on G, . Therefore, G, is an inner direct factor 
of v,. Q.E.D. 
At this point we wish to exclude the case that p E zd R from further 
discussion. The reason for this is essentially seen in the example following 
Proposition 5. In that example, g could have been any element of the algebra, 
and the conclusion 01 E V, , would still follow. Hence, V, becomes unwieldly. 
To analyze the structure of V, more closely, it will be convenient to 
introduce a new set of prime numbers associated with a ring R, of zero 
characteristic. Define inv’ R to be the set of all prime numbers, p, for which 
there exists some minimal prime ideal P, of R, such that R/P has zero 
characteristic, and such that p is invertible in R/P. Suppose that R, is a 
subring of R. Then, every minimal prime ideal of R, extends to a minimal 
prime ideal of R [see [9, p. 411). It f 11 o ows that inv’ R, C inv’ R. It also 
follows that inv R C inv’ R, since the zero ideal of Z can be extended to a 
minimal prime ideal of R. 
PROPOSITION 9. Let R be an indecomposable ring of zero characteristic, 
let G be an abelian group, and let p be a prime number such that p 6 (inv R u 
zd R). Put L = Uas(inv,R”(pj) G, . Then, V, C RL. 
Proof. Let 01 E V,. Then, a! ERG,, , hence, we may assume that G is 
finite. We may assume that R is finitely generated because of the above remark 
on subrings. Let q be a prime number such that q $ (inv’ R U {p}), and 
write G = LK, where K is the q-component of G, and where q { 1 L /. We 
shall show that Q: E RL, hence, the result will follow by induction. 
Let PI ,..., P, be the minimal prime ideals of R, let R(LK) + ny (R/P,) 
(LK) be the natural map, and let the image of 01 be (ai ,..., a,). For every i 
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such that RIPi has zero characteristic, it is clear that 4 6 inv RIPi , since 
inv R/P, C inv’ R. Therefore, Lemma 6 implies that LY~ E (R/P,)L for such i. 
We claim that 01~ E (R/P,)L for all i (1 < i < m). If  not, then we may apply 
the partition principle in the usual manner. I f  i, is an index such that aI 4 
(R/PiO)L, then R/Pi0 has nonzero characteristic other than p, hence, p E mv 
RIPi . An application of Lemma 7 would then furnish a contradiction. 
Hence, (Y E RL modulo N(R)(LK). Th e corollary to Lemma 5 implies that 
~ERL. Q.E.D. 
Suppose that supp G n inv R = a, and that p 6 (inv R u zd R). We shall 
show that the complementary factor for G, in V, , that exists by Proposition 8, 
may be taken in a special manner. 
LEMMA 9. Let R be an indecomposable ring of zero characteristic, and let p 
be a prime number such that p q! (inv R v zd R). Suppose that G is an abelian 
group such that Go = G, . Then, V, = G, . 
Proof. Let 01 E V, . Then (Y ERG, , hence, we may assume that G is 
finite and that R is finitely generated. Let PI ,..., P, be the minimal prime 
ideals of R, let RG --t ny (R/P,)G be the natural map, and let the image 
of OL be (01~ ,..., a,). I f  RIP, has zero characteristic and p + inv R/P, , then, 
oli is a trivial unit. Choose io to be one such index. Then, oliO = g (g E G), 
since oliO has augmentation 1. By replacing 01 with g-l, we may assume that 
oli0 = 1. We claim that ai E R/P, for all i (1 < i < m). Suppose not. By the 
partition principle, there exist two minimal prime ideals, say PI and Pz , 
such that 01~ E RIP,, 01a $ RIP,, and such that PI and Pz are contained in a 
corm-non maximal ideal, M. Let ol, be the natural image of 01a in (R/M)G. 
Then, 5, E RIM. Suppose that p E inv RIP, . Then, Lemma 7 would imply 
that ova E R/P2 . Thus, we must have p $ inv RIP, . The characteristic of 
RIP, must be zero, since p 6 zd R implies that the characteristic cannot be p. 
But then, 01a is a trivial unit, as we noted above. Hence, 01a $ R/P, and ol, E R/M 
are inconsistent. Therefore, we are forced to conclude that (Y~ E R/P, for all i. 
Consequently, an application of the corollary to Lemma 5 yields that 01 E R, 
and hence, c1 = 1. Q.E.D. 
PROPOSITION 10. Let R be an indecomposable ring of zero characteristic, 
let G be an abelian group such that supp G n inv R = 0, and let p be a prime 
number such that p $ (inv R v zd R). Let I(p) = (inv’ R)\(inv R v {p}), 
let L = L(p) = uqol(z)) G, and let W, = V, n RL = (RL*l), . Then, V, 
is the inner direct product of G, and W, . 
Proof. Clearly, G, n W, = (l}, hence, we must show that V, = G,Wp . 
We know that V, C RG, . Let I’(p) = inv’ R v {p}, and put K = I&+r,(P) G,. 
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Then, Ga = LKG, , as an inner direct product, and hence, RG, = SG, , 
where S = R(LK). Observe that zd S = zd R and that inv S = inv R. 
Since supp LK n inv S = o , S is an indecomposable ring of zero charac- 
teristic. Therefore, Lemma 9 implies that V, is the inner direct product of 
G, and (S*l), . But supp K n inv R = o and p $ supp K, hence, an 
application of Lemma 6 yields the fact that (S*l), = (RL*l), . Q.E.D. 
From Proposition 10 and the third corollary to Proposition 7, we obtain the 
COROLLARY. Let R be an indecomposable ring of zero characteristic, and 
let G be an abelian group szlch that supp G n inv R = ,B. Let p be a prime 
number such that p $ zd R. Then, V, = G, . 
We shall conclude this section by proving a result on the structure of W, . 
We shall define an invariant, e(R, p), of the ring, R, that will be either a 
nonnegative integer or co. This invariant will be a measure of the exponent 
of W, , and moreover, will depend only upon R, and not upon G. In case R is 
a finitely generated ring, as it will be in the next section, these invariants are 
particularly good, since they are all finite and almost all of them are zero. 
Let C be the maximal cyclotomic extension field of the rational numbers, 
Q, i.e., C is obtained by adjoining all roots of unity to Q. Let p be a prime 
number. Define C, (respectively, DJ to be the field obtained from Q by 
adjoining all nth roots of unity, where 1z is a power of p (respectively, n is 
relatively prime to p). Then, C = C,D, (the compositum of C, and D,), 
and C, n D, = Q. Let R be a ring of zero characteristic. For each minimal 
prime ideal P, of R, such that R/P has zero characteristic, let Fp be the 
quotient field of RIP. We may regard Fp and C as subfields of an algebraic 
closure for Fp . We note that the compositum FpD9, is then independent 
(up to isomorphism) of the choice of algebraic closure. Define e(R, p) to 
be the supremum (co allowed) of all nonnegative integers m, such that F,D, 
contains a primitive pmth root of unity, for some P of the above type. We 
now observe three properties of this bound. 
(1) Suppose that R, is a subring of R. Since every minimal prime 
ideal of R, extends to a minimal prime ideal of R, it follows that e(R, , p) < 
e(R, p), for every p. 
(2) Suppose that R is an integral domain, and let F denote the quotient 
field of R. Then, e(R,p) is the supremum of all m such that FD, contains 
a primitive p”th root of unity. , 
(3) Suppose that R is an integral domain, and that n is a positive 
integer such that p r n. Let t: be a primitive nth root of unity. We claim that 
e(R, p) = e(R[fl, p). The quotient field of R[g is F[{]. Since 5 E D, , we 
have that F([)D, = FD, , hence, the claim follows. 
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PROPOSITION 11. Let R be an indecomposable ring of zero characteristic, 
and let G be an abelian group such that supp G n inv R = 0. Let p be a 
prime number such that p $ (inv R u zd R). Then, pe(R,p) is an exponent for W, . 
Proof. Let L be a finite subgroup of G, such that p +’ 1 L /, and let 
e = e(R, p). It suffices to prove that if (y. E (RL*l), , then ape = 1. We may 
assume that R is finitely generated. Let PI ,..., P, be the minimal prime 
ideals of R, let RL -+ IJy (R/P,)L be the natural map, and let the image of 
a be (01~ ,..., (II,). Let Pi be any minimal prime ideal such that R/Pi has zero 
characteristic. Write L = L,Lz , where L, and L, are subgroups such that 
supp L, C inv RIP, , and suppL,ninvR/P, = 0. Let n = IL, 1, and 
put T = (R/Pi)[<], where 5 is a primitive nth root of unity. Then, 01~ E TL, 
and TL E (TL,)“, by an isomorphism in which TL, corresponds to T”. 
Let cy( correspond to (fir ,..., /3,J, where each /3j E TL, (1 < j < n). Since 
Bj E (TLX, and since supp L, n inv T = ,CZ, it follows that each /3j must 
be a trivial unit. Therefore, fij E T for every j, since p + /L, I. I f  F is the 
quotient field of RIP, , then T C FD, since p f  n. Therefore, /3ye = 1 for 
every j, hence, iy2 Bc = 1. We claim that c$ = 1 for every i (1 < i < m). 
Suppose not. Then, by the partition principle, there exist two minimal prime 
ideals, say PI and P, , and a maximal ideal, M, of R, such that a:” = 1, 
01:’ # 1, and such that M contains both PI and P, . Let or, and Al, be the 
natural images of a1 and 01~ in (R/M)L. Then, F$” = 1. The characteristic of 
RIP, cannot be zero since (YZ~’ # 1, and cannot be p since p $ zd R. Therefore, 
p E inv Ii/P2 , hence, 01;” E R/P2 by Lemma 7. But the augmentation of 01s 
in (R/P,)L is 1, consequently, CX~’ = aug(ori’) = 1, a contradiction. Therefore, 
~2’ = 1 for every i (1 < i < m). By corollary to Lemma 5, we may conclude 
that c$ E R. Therefore, & = aug(ol”“) = 1. Q.E.D. 
If  we suppress the hypothesis, supp G n inv R = ,@, in Proposition 11, 
then, nontrivial idempotent elements may exist in RG. If x were such a 
nontrivial idempotent element, and if g (g E G,) has order pk, then 01 = 
x + (1 - x)g has order pk modulo G, . Hence, the orders of elements of 
V,/G, match the orders of elements of G, . Likewise, if p E zd R, a similar 
situation arises. Suppose pr = 0, where r E R, r # 0. Let g be as before, and 
put 01 = (1 + Y) - rg. Then, a! has order p” modulo G, . 
We summarize the results of Propositions 4, 7, 8, 10, and 11 in 
THEOREM 1. Let R be an indecomposable ring of zero characteristic, let G 
be an abelian group such that supp G n inv R = ,B, let A be the maximal 
integral subalgebra of RG, and let U = RG*l and V = A*l. Then, U is the 
push-out of G and V by GO . For every prime number p, V, s’s the inner direct 
product of G, and a subgroup W, . If p E inv R, then V’, is the trivial group. 
Ifp $ (inv R v  zd R), then W, can be taken to be (RL‘l), , whereL = L(p) = 
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L$;l;;’ G-2 V(P) = ( inv’ R)\(inv R u {p})). In this case, W, has exponent 
P +- 
For the special case that R is an integral domain, we have the 
COROLLARY. Let R be an integral domain of zero characteristic, let G be an 
abelian group such that supp G n inv R = a, and let U = RG*’ and V = 
(RG,,)*‘. Then, U is the push-out of G and V by GO. Moreover, V, = G,, . 
3. FINITELY GENERATED RINGS 
In this section, we concentrate upon the torsion free group V/V,, . We 
prove that if R is a finitely generated ring satisfying certain hypotheses, then 
V/V, is a free abelian group. This fact gives us a structure theorem for the 
group of units in RG that is sufficiently strong for the applications in the 
final section. The method of proof uses a variation of a technique described 
by Samuel in [ 171, to reduce the problem to one that can be solved by applying 
a result in algebraic number theory proved in [14]. 
LEMMA 10. Let L be a torsion abelian group, let K be a subgroup of finite 
index n, and let F be a field whose characteristic does not divide n. For every 
prime number p, dividing n, and for every positive r, assume that F contains a 
primitiveprth root of unity. Then, FL and (FK)” are isomorphic as FK-algebras. 
Proof. It is clear that we may choose a finite subgroup L, , of L, such that 
L,K = L, and such that p 1 n if p G supp L, . Put K1 = K n L, . Then, 
(L1 : K1) = n. We claim that FL, and (FKJn are isomorphic as FKr-algebras. 
Let m = 1 K1 I. Then, FK, z Fm. Let e, ,..., e, be the minimal idempotent 
elements in FK, giving this decomposition. Then, each e, (1 < i < m) 
corresponds to a character of K1 into F, and we know that each such character 
has n extensions to a character of L, . Let eir ,. . . , ei,, be the idempotent elements 
in KL, corresponding to these extensions. Then, it follows from the transition 
formulas that e, = ei, + *.* + ei, . Put fi = elj + ... + emj (1 <i <n). 
Then, fi + ... + f,, = 1 is a decomposition of 1 into mutually orthogonal 
idempotent elements. Moreover, eifi = eij (1 < i < m, 1 <j < n), and 
(FLl)fi s FK, . Thus, it follows that FL, and (FK# are isomorphic as 
FK,-algebras. 
Choose {hb} (respectively, (gs>), to be a complete family of coset representa- 
tives for K (respectively, L,) modulo Kl (respectively, K1). Then, {h,go} is 
a complete family of coset representatives for L modulo K1 . But (h,} is an 
FK,-basis for FK, and (gs} is an FK,-basis for FL,. Hence, (h,gB} is an 
FK,-basis for FL. Therefore, FK and FL, are linearly disjoint over FK, . 
thus FL z FK @FA-I FL, . It follows that FL E (FK)“. Q.E.D. 
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Let S be a commutative ring, and let B be any commutative S-algebra. 
We shall refer to the S-subalgebra of B generated by the idempotent elements 
as the idempotent subalgebra of B. Every element of the idempotent subalgebra 
is an S-linear combination of idempotent elements in B. 
LEMMA 11. Let S be an integral domain with quotient field F, and let Go 
be a torsion abelian group. For every p E supp G,, , and for every positive Y, 
assume that S contains a primitive prth root of unity. Let X be the group of 
units in the idempotent subalgebra of FG,, . Then, X z u, S*, for some index 
set I. 
Proof. Consider the set of all ordered pairs, (Ha, {X,,i}i.l,), that satisfy 
the following conditions: H, is a subgroup of G,, ; if X, is the group of units 
of the idempotent S-subalgebra of FH, , then {Xa,i}i.l is a family of sub- 
groups of X, that give an inner direct sum decomposition”of it; and X,,i s S* 
for every i (i E 1,). This set is nonempty since it contains ({e}, {S*}). Partially 
order the set by saying that 01 < p if and only if H, Z He , and if {Xa,i}is, C 
K3.hp . It is easy to see that the set is inductively ordered since a fimte 
number of elements of FG, involve only finitely many elements of G,, non- 
trivially, and since the order relation respects the inner direct sum decomposi- 
tions. Choose a maximal element (H, {Xi}iE,). I f  H = G,, , then the proof is 
complete. Suppose, to the contrary, that H # G,, . Since G, is a torsion 
group, we may choose a subgroup H’, that contains Has a subgroup of finite 
index, say n. Then, FH’ and (FH)” are isomorphic as FH-algebras by Lemma 
10. Let X’ (respectively, X) be the group of units of the idempotent sub- 
algebra of FH’ (respectively, FH). Suppose (01~ ,..., an) E (FH)“. Then, 
(a1 ,...I a,) is a unit in the idempotent subalgebra of (FH)” if and only if 
ai E X for every i (1 < i < n). Hence, X’ is isomorphic to Xn by an iso- 
morphism that takes X (as a subgroup of X’) to the diagonal in X*. But there 
is an obvious automorphism of Xn that takes the diagonal to X x {l} x ... x 
(1). Hence, we may choose an index set I’, and subgroups Xi, (i’ EI’, 
Xj, C X’), such that {Xi}i.r c {Xi,}(,E1, , and such that Xi, g S* for every 
i’ (i’ E 1’). This contradiction to the maximality of (H, {XJie,) proves the 
proposition. Q.E.D. 
At this point, we remark on a trivial, but useful fact. Let A be an abelian 
group, and let B be a subgroup. Then, B is free modulo torsion if A is free 
modulo torsion. 
LEMMA 12. Let R be a finitely generated integral domain, and let R be 
the domain obtained by adjoining all roots of unity to R. Then, i?* is free modulo 
torsion. 
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Proof. (Except for alterations, this proof is patterned after the one 
Samuel gives in [17] to prove a different result.) Let P be the prime subring 
of R, and choose x1 ,..., X, such that R = P[xl ,..., x,J. Let T be the maximal 
cyclotomic extension of P, and let F be the quotient field of T. Then, i? = 
T[x, >..a, x,J, and w* is a subgroup of F[x, ,..., xJ*. Choose a projective 
normalization of the affine variety determined by F[x, ,..., x,], and let D 
be the divisor group of this normalization (see [18]). Consider the natural 
homomorphism of F[x, , . . . , x,1* into D. Since D is a free abelian group, the 
same is true of the image of i?*. Hence, it suffices to prove that the restriction 
of the kernel to R* is free modulo torsion. But the kernel consists of the 
elements that are algebraic over F, and hence, algebraic over the prime 
subfield. 
Let E be the relative algebraic closure in F[x, ,..., x,J of the prime subfield. 
Note that E I F. We must show that E n a* is free modulo torsion. Assume 
that P is the ring of integers modulo p. Then, E* is a torsion group, hence, 
the claim is trivial in this case. Therefore, we may assume that P = Z. By 
a form of the Noether normalization theorem (see [2, Chap. 5, p. 611). 
We may choose a nonzero element 01 (a E T), and elements yt ,..., ya 
(Yl ,*a., yd E Tb, >..., x,]), such that yr ,..., yd are algebraically independent 
over T, and such that T[crl, x1 ,..., zcn] is an integral extension ring of 
T[a-l, yl,..., yd]. Since E is an algebraic extension field of F, it follows that 
yr ,..., yd are algebraically independent over E, and that F[x, ,. . ., x,] (which 
is equal to E[x, ,..., x,J) is integral over E[y, ,...,yJ. Hence, the homo- 
morphism of E[y, ,..., yd] (into some algebraic closure for E) that sends each 
yi (1 < i < d), to zero, extends to a homomorphism v, of F[x, ,..., x,J. 
Let z E E n i7*. Then v(z) = z, and z is integral over T[cl, y1 ,...,yJ. 
By applying v to an integral equation for z over this ring, we obtain an 
integral equation for z over T[&]. Let T’ be the ring of algebraic integers 
in E. Then T’ is the integral closure of Tin L, hence, it follows that z E T’[cl]. 
Therefore, it would suffice to show that T’[&]* is free modulo torsion. 
Since F(x, ,..., . x,J IS a finitely generated extension field of F, it follows 
that we can write E = F(#3), for some algebraic number /I. Therefore, E is 
the maximal cyclotomic extension of Q(p). Let S consist of the Archimedean 
prime divisor of Q, plus all the non-Archimedean prime divisors that have 
some extension to E in which 01 is not a local unit. Then, S is a finite set, 
and T’[&] is contained in the ring of S-integers of E. Hence, T’[ccl]* is 
contained in the group of S-units of E (see [14] for nomenclature). But the 
theorem in [14] implies that the group of S-units is free modulo torsion, 
since E is an abelian extension field of Q(p). Hence, T’[cl]* is free modulo 
torsion. Q.E.D. 
COROLLARY. Let R be a$nitely generated integral domain, and let G,, be a 
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torsion abelian group. If R has characteristic p, then assume that p $ supp GO . 
Then, (RG,) * is free modulo torsion. 
Proof. Let R be the maximal cyclotomic extension of R, let F be the 
quotient field of R, and let B be the idempotent iT-subalgebra of FG,, . We 
claim that i?G, C B. Let 01 E RG, . We may assume that G is finite, hence, let 
n = 1 G,, I. Suppose that 01 goes to (/3i ,..., /3,J under the mapping, FG, ---f Fn, 
given by the transition formulas. Then, & is in R for every i (1 < i < n), 
hence, OL E B. Thus, it suffices to prove that B* is free modulo torsion. But 
Lemma 11 implies that B* g JJ, i?*. Therefore, it follows that B* is free 
modulo torsion. Q.E.D. 
We may use part of the proof of Lemma 12 to show that inv’ R is a finite 
set if R is a finitely generated ring of zero characteristic. Since R has finitely 
many minimal prime ideals, we may assume that R is a finitely generated 
integral domain of zero characteristic. In the proof of the Lemma, suppose 
that p is a prime number such that the p-adic prime divisor is not in S. Then, 
p is not an S-unit in E, hence, p is not a unit in R. The assertion now follows 
since S is a finite set. We may make two other observations about R. The first 
is that zd R is a finite set since every zero divisor of R is contained in one of 
finitely many prime ideals. The second observation is that e(R, p) is finite 
for every p, and is zero for almost every p. To see this, again assume that R 
is a finitely generated integral domain of zero characteristic. Let F be the 
quotient field of R. Since C is a normal extension field of F n C, it follows that 
FD, n C = (F n C)D, . But F n C is a finite extension field of Q, therefore, 
[FD, n C, : Q] < 00 for every p, and FD, n C, = Q for those p such that 
F n C C D, . The assertion about e(R, p) now follows. 
PROPOSITION 12. Let R be a finitely generated ring, let G be an abelian 
group, and let V = A*l, where A is the maximal integral subalgebra of RG. 
Assume that R has trivial nilradical. Then, V is free modulo torsion. 
Proof. Let P1 ,..., P, be the minimal prime ideals of R, and denote the 
maximal integral subalgebra of (R/P,)G by A, (1 < i < m). The natural 
map RG --+ ny (R/P,)G is an injection that induces an injection, A*l+ 
ny AT’. It will suffice to show that AT1 is free modulo torsion. First, suppose 
that R/P, has zero characteristic. Then, A, = (R/P1)GO, hence, A,* is 
free module torsion by the corollary to Lemma 12. Now suppose that R/P, 
has nonzero characteristic q. Then A, = (R/P1)GO + N((R/P,)G,,). Let 
H=LImGr,, and put Y = ((R/P,)H)*l. Clearly, Y C A:‘. We claim that 
the images of Y and of A:’ modulo torsion are equal. I f  this is true, then the 
proof will be complete since the corollary implies that Y is free modulo 
torsion. Let u E AT’, and write u = 01+ 8, where a E (R/Pl)GO and where /3 
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is nilpotent. Put S = (R/P&H, and regard cx as an element of SG Put 
y = aug, 0~. Then, for a sufficiently large integer K, we have that PQ’ ‘= 0, 
and that a@ = # ( since S has characteristic 4). Therefore, ugk = argL + 
pa” = yq’. Similarly, if u-l = ~yr + j3r , then we obtain u-q’ = & for some 
yr E S (and possibly larger K). Hence, y E S*. Since /3 is nilpotent, aug ,!3 = 0. 
Therefore aug y = aug 01 = 1, and thus, y E Y. Since (q-l)B = 1, we see 
that u and y have the same image modulo torsion. Q.E.D. 
If R has nontrivial nilradical, then V may not be free modulo torsion. The 
subgroup of units, 1 + N(R)G, is partially responsible for the trouble. 
Nevertheless, we do have 
PROPOSITION 13. Let R be a finitely generated, indecomposable ring of 
zero characteristic such that zd R = 0, and let G be an abelian group such 
that supp G n inv’ R = i~r . Then, there exists a free abelian subgroup F, of V, 
such that V is the inner direct product of G,, , F, and 1 + N(R)G. 
Proof. Let R = R/N(R), let 2 be the maximal integral subalgebra of RG, 
and let V = A*l. The natural map, RG -+ BG, induces a homomorphism, 
q~: V -+ 8. Then, v(V) = v since N(R)G is a nil ideal. We observe that 
E is a reduced, finitely generated, indecomposable ring of zero characteristic, 
such that zd i? = 0, and such that inv’ R = inv’ R. It follows from the 
corollary to Proposition 10 and from Proposition 12 that v is the inner direct 
product of G,, and a free abelian subgroup F. Hence, we may choose a free 
abelian subgroup F, of V, such that the restriction of q~ to G,,F gives an iso- 
morphism of G,F with Gz. Thus, v splits, and the proposition now follows 
from the observation that 1 + N(R)G is the kernel of v. Q.E.D. 
We shall give a restatement of Theorem 1 in the finitely generated case, 
in which we shall incorporate what we have learned about V. Observe that 
if we have a complement W, for G, in V, then U becomes the inner direct 
product of G and W. 
THEOREM 1’. Let R be a finitely generated, indecomposable ring of zero 
characteristic, and let G be an abelian group such that supp G n inv R = 0. 
Assume either (1) that N(R) is trivial, OY (2) that zd R = m and supp G r\ 
inv’ R = a. Then, there exists a subgroup W, of V, such that U is the inner 
direct product of G and W. In Case (l), W is the inner direct product of W, 
and F, where F is a free abelian subgroup, and where W, is a torsion subgroup. 
If p E inv R, then the p-component W, , is trivial. If p $ (inv R u zd R), then 
W, = (RL*l), , whereL is as in Theorem 1. Moreover, W, (p 6 (inv R u zd R)) 
has fkite exponent petRep), that is 1 for almost all p. In Case (2), W is the inner 
direct product of 1 + N(R)G and a free abelian subgroup, F. 
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COROLLARY. Let R be a Jinitely generated integral domain of zero charac- 
teristic, and let G be an abelian group such that supp G n inv R = ,@. Then, 
U is the a’nner direct product of G and a free abelian subgroup of V. 
4. APPLICATIONS 
If A and B are abelian groups, let Hom(A, B) be the group of homo- 
morphisms of A into B. If A is either an abelian group, or an R-algebra, let 
Aut A be the group of automorphisms of A, or the group of R-automorphisms 
of A, respectively. 
Let R be a ring, let G be an abelian group, and let u E Hom(G, R*). 
Define 6, where 6 E Aut RG, by 6(g) = a(g)g (g E G), and then extend 
linearly to RG. It is clear that 6 E Aut RG, and that u H 6 gives an injective 
homomorphism, Hom(G, R*) + Aut RG. We shall denote the image by 
Aom(G, R*). 
LEMMA 13. Let G and G’ be abelian groups, and let qx RG - RG’ be an 
R-homomorphism. Then, there exists 6, 6 E Aom(G, R*), such that q~ o 6: 
RG -+ RG’ is an R-homomorphism that preserves augmentation, i.e., 
aug 0 p 0 6 = aug. 
Proof. Define u: G -+ R* by u(g) = (aug p(g))-‘. Then, o E Hom(G, R*), 
and aug(v(a(g))) = 1 (g E G). H ence, q2 0 8 preserves augmentation. 
Q.E.D. 
COROLLARY. Let Aut’ RG be the subgroup of Aut RG consisting of all 
automorphisms that preserve augmentation. Then, Aut RG = Aut’ RG . 
fiom(G, R*), and Aut’ RG n Aom(G, R*) = (1). Hence, every element of 
Aut RG has a unique representation as z+&, where # E Aut’ RG and b E 
I?om(G, R*). 
We now prove the theorem on isomorphism of group algebras. Afterwards, 
we shall continue to discuss automorphisms. 
LEMMA 14. Let R be an indecomposable ring of zero characteristic, and let G 
and G’ be abelian groups such that supp G n inv R = supp G’ n inv R = 0. 
Suppose that f: RG -+ RG’ is an R-isomorphism that preserves augmentation. 
Let A (respectively, A’) be the maximal integral subalgebra of RG (respectively, 
RG’), and let V = A*l (respectively, V’ = (A’)*l). Then, we can choose inner 
direct product decompositions V,, = GoWo and V,’ = Go’ Wo’, such that 
f(Wo) = Wo'. 
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Proof. It suffices to show for every prime number p, that we can choose 
inner direct product decompositions, V, = G,W9 and V,’ = GP’WD’, such 
that f  (W,) = W,‘. Suppose that p E inv R. Then, G, = G,’ = {e}, and 
f  (V,) = V,‘, hence, we may let W, = V, and W,’ = V,’ in this case. 
Now suppose that p $ inv R. Choose a prime ideal P, such that R/P has zero 
characteristic, and such that p $ inv RIP. Then, f  induces an (R/P)-iso- 
morphism, (R/P)G-+ (R/P)G’, that preserves augmentation. Let H = 
LI QE rr,vRIP G, , and let H’ = J’& rnv RIP G,‘. The second corollary to 
Proposition 7 implies that we obtain an induced (R/P)-isomorphism, J 
(R/P)(G/H) --f (R/P)(G’/H’), that preserves augmentation. Let ‘p: RG + 
(R/P)(G/H) and v’: RG’ -+ (R/P)(G’/H’) be the natural maps. ThenJ o 9) = 
v’ 0 f .  The proof of Proposition 8 shows that we obtain inner direct product 
decompositions if we let W, = v-l(l) n V, , and let W,’ = ($-l(l) n V,‘. 
Since f  (V,) = V,‘, it follows that f  (W,) = W,‘. Q.E.D. 
THEOREM 2. Let R be a finitely generated, indecomposable ring of zero 
characteristic, and let G and G’ be abelian groups. Assume that RG and 
RG’ are isomorphic as R-algebras. Let H = UQEinvR G, , and let H’ = 
LI esin”R Gi. Then, (G/H) z (G’/H’). 
Proof. Choose an R-isomorphism, f: RG+ RG’. Then, f  induces a 
natural (R/N(R))-isomorphism, (R/N(R))G + (R/N(R))G’. Hence, we may 
assume that R is reduced, since R/N(R) is a finitely generated ring of zero 
characteristic, and since inv R/N(R) = inv R. By Lemma 13, we may assume 
that f  preserves augmentation. By the second corollary to Proposition 7, f  
induces an R-isomorphism of R(G/H) with R(G’/H’), hence, we may assume 
that supp G n inv R = supp G’ n inv R = 0, and we must prove that 
G s G’. Note that f  (V) = V’ and f  (V,) = V,,‘. By Proposition 12, we may 
choose free abelian subgroups F and F’, such that we obtain inner direct 
product decompositions, V = V,,F and V’ = V,,‘F’, and such that f  (F) = F’ 
(choose F, and then let F’ = f(F)). By Lemma 14, we may choose subgroups 
W, and W,‘, such that we obtain inner direct product decompositions, 
V,, = G,, W, and V,,’ = G,’ W,,‘, and such that f  ( W,) = W,‘. Put W = W,,F 
and W’ = WO’F’. Then, U = GW and U’ = G’W’ are inner direct product 
decompositions, and moreover, f  (IV) = IV’. Since f(U) = U’, we conclude 
that Gr G’. Q.E.D. 
Let R, G, and H be as in Theorem 2. Then, one can give an algebraic 
process for deriving G/H from RG. This is essentially done in the proof of 
Theorem 2. Perhaps we should remark that it is possible to introduce an 
augmentation map. One simply takes any R-homomorphism of RG into R. 
Lemma 12 then implies that it is equivalent to the augmentation map modulo 
an automorphism of RG. 
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We shall now examine Aut’ RG in the special case that R is finitely 
generated integral domain of zero characteristic, and that G is an abelian 
group such that supp G n inv R = a. These assumptions shall remain in 
force for the rest of the paper. 
Every element, 0 (u E Aut G), induces an element, 6 (6 E Aut’ RG), in an 
obvious manner. We thus obtain an injective homomorphism, u of 5, of 
Aut G into Aut’ RG. We shall denote the image of Aut G by Aut G. Since 
the structure of RG is related so closely to the structure of G, one should 
hope to express Aut’ RG largely in terms of Aut G. While the theorem that 
we prove does not accomplish this completely satisfactorily, we do obtain 
a reasonably good sufficient condition such that Aut’ RG = Aut G. We state 
this condition in the corollary to Theorem 3. 
Let A be the maximal integral subalgebra of RG, and let I’ = A*‘. Then, 
A = RG, , V, = G, , and I’/ I’,, is free. We choose a free abelian subgroup F, 
of V, such that V = FG, . Let HomoO(G, I’) be the subgroup of Hom(G, I’) 
consisting of all homomorphisms that are trivial on G, . Of course, 
Hom,JG, V) E Hom(G/G,, V). W e wish to define an injective homo- 
morphism, HomGO(G, V) + Aut’ RG. Let cr E HomcJG, V). Define 6: 
RG - RG, by Ng) = guk) (g E G), and then extend linearly to RG. It is 
easily seen that 6 is an R-endomorphism of RG. We claim that 6 E Aut’ RG. 
Note that if 01 E RG, , then 6(01) = 01. Put r = 01-l. Then, (8+)(g) = 
6(ga(g)-l) = g, since u(g)-’ E RG, . Similarly, +6 = 1, hence, 6 E Aut RG, 
and in fact, 6 E Aut’ RG since aug(gu(g)) = 1. Now, let u, r E Homo&G, I’). 
Then, &(e(g)) = (s)(g) f  or every g (g E G). Hence, the mapping given by 
u I-+ b is a homomorphism of HomcO(G, V) into Aut’ RG. It is clearly injec- 
tive. We shall denote the image of HomcO(G, V) in Aut’ RG by fiomcO(G, I’). 
The inner direct product decomposition, V = FG,, , induces an inner 
direct product decomposition, I?IomcO(G, I’) = I?IomcO(G, F) * fiom,O(G, G,,), 
where Romc,(G, F) and I?omcO(G, G,) are the obvious subgroups of 
Aut’ RG. 
LEMMA 15. Aut’ RG = Aom,e(G, F) * Aut G, and Aom,o(G, F) n 
Aut G = (1). 
Proof. Let q E Aut’ RG, and let U = RG*l. Then, v  induces an auto- 
morphism of U such that v( I’) = V, and v(GO) = G, . We know that 
U = FG. Let p: U -+ G be the projection along F, and let u be the restriction 
of p o v  to G. Clearly, u is an endomorphism of G. We claim that (r E Aut G. 
To see that u is injective, suppose that u(g) = e, where g E G. Then, e = 
p(p)(g)) implies that q(g) EF. But g E V since v(g) E I? Hence, g E G, . 
Consequently, v(g) E G,, , and thus, y(g) = e. To see that Q is surjective, let 
g E G. Write v-‘(g) = fg, , where f EF and g, E G. Since cp(f) E V, we may 
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further write p’(f) = fihl , wheref, E F and h, E G,, . There exists k, (h, E GO), 
such that #za) = h, . Therefore, u(g@,) = g, hence, u E Aut G. 
Now, consider +-l. We claim that we may define r, where T E Homo&G, F), 
by r(g) = g-l(@l)(g) (g E G). First, note that p(g-l(+-l)(g)) = 
g-%(&l(g)) = , h e ence, g-l(@-l)(g) EF. If h E G,, , then ($-i)(h) E G,, , and 
therefore, h = 6(@(h)) = p(+-l)(h) = (@-l)(h). Hence, 7(h) = e. Con- 
sequently, 7 E HomGO(G, F), and i = ~‘6~l. Therefore, v = +b. 
Suppose that b = 6, where a E Aut G and T E HomGO(G, F). Then u(g) = 
6(g) = +(g) = gr(g), consequently, r(g) E G. Therefore, + = 1 since 
F n G = (e}. Q.E.D. 
Define Autc, G to be the subgroup of Aut G consisting of all automorphisms 
that are the identity map on G,, , and define AutcOPclc, G to be the subgroup 
of Autc, G consisting of all automorphisms such that the induced auto- 
morphisms of G/G, are the identity. We then obtain a chain of subgroups, 
-hT,,G,G, G C Autc, G Z Aut G. 
LEMMA 16. fiom,o(G, GO) = AutC,,oIG, G, RomGO(G, V) n Aut G = 
~%,.G/O, G, and from, (G, V) is a normal subgroup of Aut’ RG. Hence, 
Aut’ RG/fiom,O(G, V) is’isonwrphic to Aut G/AutG,,CIC, G. 
Proof. Let u E HomGO(G, V). Since 8(g) = gu(g) (g E G), it is clear that 
6 E Aut G if and only if u(g) E G for every g. But since u(g) E V, we shall 
have that u(g) E G if and only if u(g) E GO. Therefore, fiomcO(G, V) n 
Aut G = fiom,O(G, GO). N ow, let r E Aut G. Then, + E fiom,O(G, G,,) if 
and only if g-%(g) E GO for every g (g E G), and if T(h) = h for every h 
(h E G,,). Thus, + E ]Fiomo,(G, G,,) if and only if 7 E AutC,,C,G, G. Therefore, 
fiomoo(G, Go) = AutGo,G,G,, G. 
We now show the statement on normality. Let a E HomGO(G, V) and let 
q E Aut’ RG. Then, we may define 7, where 7 E Homo&G, V), by 7 = 
p, o u o p o p-l. Let g E G, and write q-l(g) = f,g, , where fi EF and g, E G. 
Note that gl = p(cp-Yd). Then, W@)(g) = v(~(f&)) = dfa4gd) = 
gp(o(gr)) = e(g). Therefore, @p--l E I?om,$G, V). The assertion on 
quotient groups follows since it is clear that fiomoO(G, V) * Aut G = 
Aut’ RG. Q.E.D. 
In the preceding proof, if p E Aut G, then q-l(g) = g, . Hence, @q-l = +, 
where r is given by 7 = ‘p o u o q-l. Therefore, in order to compute the inner 
automorphism action of Aut G on Rom,JG, v), one would like to know the 
answer to the following question. Given an automorphism of G (or even GO), 
what is the induced automorphism of V in terms of its effect on F ? It appears 
to be very difficult to tell since one does not have a good grasp on F. 
Because of the normality of fiom,O(G, V), and because of its decomposition, 
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it follows that the assertion of Lemma 15 remains valid with the product 
taken in the reverse order. 
Let Au&, RG be the subgroup of Aut’ RG consisting of all automorphisms 
that are the :dentity map on RG, . Then, RomcJG, I’) C Aut& RG. 
LEMMA 17. (1) Aut_XcO RG is a normal subgroup of Aut’ RG, and 
Au& o RG n Aut G = AutcO G. 
(2) Aut’ RG/Aut;cO RG is isomorphic to Aut G/AutGO G. 
(3) AomGO(G, F> is a normal subgroup of Au&, G, and Aut& RG is 
the semidirect product of $IomGO(G, F) by AutcO G, with0 the action desiibed in 
the remark below. 
Proof. Statement (1) is clear, and (2) is apparent since Au& RG . 
Aut G = Aut’ RG. To show (3), let u E HomcO(G, F) and let v  E Aut& RG. 
As in the proof of Lemma 16, let T = CJJ 0 u 0 p 0 v-l. Then, 7 E Homo,(G, F) 
since (U 0 p 0 9-l) E HomcO(G, F), and since v  is the identity on F. We then 
obtain @q-l = i, thus, the statement on normality follows. We obtain the 
semidirect product since Lemma 15 implies that AutX,O RG = I?IomcO(G, F) . 
kc, G. Q.E.D. 
The semidirect product action in (3) can be very adequately described. If  
91 E AutcO G, then, 9 is the identity on F. Therefore, if u E Hom,B(G,F), 
then CJXF~-~ = i, where 7 = (T 0 v-l. 
We now summarize our results. Let A, = fiomcO(G, F), A, = 
fIom,e(G, I’), A, = Aut& RG, A, = Aut’ RG, B, = {l}, B, = Autc,,c,c, G, 
B, = AutcO G, and B, = Aut G. 
THEOREM 3. Let R be a Jinitely generated integral domain of zero charac- 
teristic, let G be an abelian group such that supp G n inv R = ~?i, and let F 
be a free abelian complement of G,, in (RG,,)*l. 
(1) Let1 <i<j<4.Then,AiCAj,Bi_CBi,BiCAi,A,Bj=Aj, 
and Ai n Bj = B, . Also, AutcO,clc, G = fiomGO(G, GO). 
(2) ~omG,(G V) 
fiomGo(G, Go). 
is the inner direct product of AomcO(G, F) and 
(3) Every element of Aut’ RG is uniquely expressible as 6+, where o E 
HomGO(G, F), and where T E Aut G. 
(4) Aomc,(G, V) is a normal subgroup of Aut’ RG, and Aut’ RG@om, 
(G, V) is isomorphic to Aut G/Aut,O,CIG, G. 
Cl 
(5) Aut&, RG is a normal subgroup of Aut’ RG, and Aut’ RGIAut& RG 
is isomorphic to Aut GIAutcO G. Moreover, Aut& RG is the semidirect product 
of Aomc,(G, F) by kc, G. 
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Suppose that CT: G/G,, -+ F is a nontrivial homomorphism, Then, a(G/G,,) is 
a nontrivial free abelian group, hence, it has an infinite cyclic quotient group. 
COROLLARY. Suppose that G/G, has no injinite cyclic quotient group. 
(This happens, for example, if every element of G/G, has some root (other than 
afirst root) in G/Go .) Then, Aut’ RG = kt G. 
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